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Abstract
The Sagdeev potential technique has been employed to study the dust ion acoustic solitary waves
and double layers in an unmagnetized collisionless dusty plasma consisting of negatively charged
static dust grains, adiabatic warm ions, and isothermally distributed electrons and positrons. A
computational scheme has been developed to draw the qualitatively different compositional param-
eter spaces or solution spaces showing the nature of existence of different solitary structures with
respect to any parameter of the present plasma system. The qualitatively distinct solution spaces
give the overall scenario regarding the existence of different solitary structures. The present system
supports both positive and negative potential double layers. The negative potential double layer
always restricts the occurrence of negative potential solitary waves, i.e., any sequence of negative
potential solitary waves having monotonically increasing amplitude converges to a negative poten-
tial double layer. However, there exists a parameter regime for which the positive potential double
layer is unable to restrict the occurrence of positive potential solitary waves. As a result, in this
region of the parameter space, there exist solitary waves after the formation of positive potential
double layer, i.e., positive potential supersolitons have been observed. But the amplitudes of these
supersolitons are bounded. A general theory for the existence of bounded supersolitons has been
discussed analytically by imposing the restrictions on the Mach number. For any small value of
positron concentration, there is no effect of very hot positrons on the dust ion acoustic solitary
structures. The qualitatively different solution spaces are capable of producing new results for the
formation of solitary structures.
PACS numbers: 52.27.Lw, 52.35.Fp, 52.35.Mw, 52.35.Sb
∗ abandyopadhyay1965@gmail.com
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I. INTRODUCTION
Theoretical and experimental studies of the nonlinear dynamics of Ion Acoustic (IA)
waves have received a great deal of attention for several decades. Using a mechanical analogy,
Sagdeev [1] established that nonlinear IA waves can exist in the form of periodic or solitary
waves. On the other hand, in the same year, Washimi and Taniuti [2] used reductive
perturbation method to investigate the small amplitude ion acoustic solitary waves in a
cold plasma. Subsequently, the nonlinear theory of IA waves was developed by a number
of authors [3–15]. Experimental results of Ikezi et al. [16], Nakamura and Tsukabayashi
[17], Nakamura and Tsukabayashi [18], Nakamura et al. [19], Nishida and Nagasawa [20],
Nakamura [21] and Cooney et al. [22] confirmed the existence of IA waves.
There has been considerable interest in studying ion acoustic solitons and double layers
in electron-positron-ion (e-p-i) plasmas as such plasmas are found in supernovas, pulsar
environments, cluster explosions, active galactic nuclei etc. Popel et al. [23] considered the
nonlinear propagation of IA waves in cold plasma consisting of cold ions, and isothermally
distributed electrons and positrons. They have found the existence of compressive solitons
only. In this paper, they reported that the presence of the positron can result in reduction
of the IA soliton amplitudes. Subsequently, the properties of the IA solitary structures in
different electron-positron-ion (e-p-i) plasmas have been investigated by a number of authors
[24–48].
However, in astrophysical environments highly (negative/positive) charged micronsize
impurities or dust particulates are observed in addition to earlier mentioned e-p-i plasma.
The presence of dust grains having large masses introduces several new aspects in the prop-
erties of the nonlinear waves and coherent structures [49–59]. Depending on different time
scales, there can exist two or more acoustic waves in a typical dusty plasma. Dust Acoustic
(DA) and Dust Ion Acoustic (DIA) waves are two such acoustic waves. Shukla and Silin [50]
were the first to show that due to the quasi-neutrality condition ne0 + nd0Zd = ni0 and the
strong inequality ne0 ≪ ni0 (where ne0, ni0, and nd0 are, respectively, the number density
of electrons, ions, and dust particles, and Zd is the number of electrons residing on the
dust grain surface), a dusty plasma (with negatively charged static dust grains) supports
low-frequency Dust Ion Acoustic (DIA) waves with phase velocity much smaller (larger)
than electron (ion) thermal velocity. In the case of a long wavelength limit, the dispersion
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relation of DIA wave is similar to that of IA wave for a plasma with ne0 = ni0 and Ti ≪ Te,
where Ti(Te) is the average ion (electron) temperature. Due to the usual dusty plasma ap-
proximations (ne0 ≪ ni0 and Ti ≃ Te), a dusty plasma cannot support the usual IA waves,
but a dusty plasma can support the DIA waves of Shukla and Silin [50]. Thus, DIA waves
are basically IA waves modified by the presence of heavy dust particulates. The theoretical
prediction of Shukla and Silin [50] was supported by a number of laboratory experiments
[52, 60, 61]. The nonlinear theory of DIA waves in different dusty plasma systems has been
investigated by Bharuthram and Shukla [62] , Nakamura et al. [63] , Luo et al. [64] , Mamun
and Shukla [65] , Shukla and Mamun [59] , Verheest et al. [66] , Sayed and Mamun [67] ,
Alinejad [68], Baluku et al. [69] , Das et al. [70].
It is well known that a fully ionized universe contains electrons, positrons, ions and
micron-sized charged dust grains [71, 72]. The presence of e-p-i-d plasma has been detected
in active galactic nuclei, pulsar magnetospheres, inter-stellar clouds, supernova environments
as well as in laboratory experiments of cluster explosions by intense laser beams [73–78].
Therefore the nonlinear dynamics of the propagation of waves in this plasma system has
emerged as an interesting field to explore. For the first time, Ghosh and Bharuthram [79]
investigated the nonlinear propagation of small but finite amplitude ion acoustic solitons and
double layers in a collisionless unmagnetized e-p-i-d plasma consisting of cold ions, negatively
charged static dust particulates and Boltzmann distributed electrons and positrons. They
have used the reductive perturbation method to derive the Korteweg-de Vries (KdV) equa-
tion and the modified KdV equations for the ion acoustic waves in the e-p-i-d plasma system.
Using KdV equation, they proved that this e-p-i-d plasma system supports both compressive
and rarefactive solitons if the parameters of the system satisfy certain conditions. Using the
modified KdV equation, they have derived the necessary conditions for the existence of weak
double layers. Employing the reductive perturbation technique, El-Tantawy et al. [80] inves-
tigated the ion acoustic solitary structures in a collisionless unmagnetized four-component
e-p-i-d plasma consisting of warm ions, superthermal electrons and positrons, and negatively
charged static dust impurities. Using Bernoulli’s pseudo-potential method, Dubinov et al.
[81] elaborated the nonlinear theory of dust ion acoustic waves in a collisionless unmag-
netized four-component e-p-i-d plasma consisting of warm ions, isothermal electrons and
positrons, and negatively charged static dust impurities. They have found the existence of
four different types of physically realizable nonlinear ion acoustic waves: a subsonic periodic
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wave, a large amplitude subsonic periodic wave (superlinear wave), supersonic rarefactive
and compressive solitary waves.
In the above mentioned papers of nonlinear DIA or IA waves in e-p-i-d plasmas, the
authors have not considered the following interesting points. From the investigations of
DIA waves in a collisionless unmagnetized three-component e-i-d plasma consisting of warm
ions, isothermal or nonthermal electrons and negatively charged static dust impurities, we
have seen from the article of Das et al. [70] that the system supports the Negative Potential
Solitary Waves (NPSWs) for allM > Mc, whereMc is the lower bound of the Mach number
M for the existence of DIA solitary structures, i.e., DIA solitary structures start to exist for
all M > Mc. From this simple conclusion of Das et al. [70], we have the following questions
regarding the existence of different DIA solitary structures when an amount of positrons is
injected in the system: Can we restrict the occurrence of NPSWs after injecting positron
in the system? Does the system support Negative Potential Double Layer (NPDL)? Does
the NPSW disappear from the system if the concentration of positron increases? Does the
system support Positive Potential Double Layer (PPDL)? Does the system support the co-
existence of double layers of both polarities? Does the system support supersolitons? (i.e.,
Is there any soliton after the formation of double layer? ) Is the amplitude of the super-
soliton bounded? What is the condition on the Mach number for the existence of bounded
supersolitons (supersolitons of bounded amplitude)? or, Can we impose any restriction on
the Mach number to get bounded supersolitons? Is there any connection between the occur-
rence of suppersolitons and the occurrence of NPSWs and / or Positive Potential Solitary
Waves (PPSWs)? Does there exist a critical value of positron concentration for which the
system supports only positive potential solitary structures (PPSWs and PPDLs)? Does
there exist a critical value of positron concentration for which the system supports only
Positive Potential Solitary Waves (PPSWs)? What happens if very hot positrons are in-
jected in the system? or Is there any qualitative difference in the DIA solitary structures if
very hot positrons are injected in the system? To answer all these questions, we reconsider
the same problem of Das et al. [70] by making the following changes: instead of taking
three component e-i-d plasma, a collisionless unmagnetized four component e-p-i-d plasma
has been considered in which electrons and positrons both are isothermally distributed, i.e.,
in the present investigation, we reconsider the problem of Ghosh and Bharuthram [79] in
the following directions: (i) the equation of pressure for ion fluid is taken into account to
5
include the effect of ion temperature, (ii) instead of considering the reductive perturbation
method, Sagdeev [1] pseudo-potential technique has been employed to investigate arbitrary
amplitude DIA solitary waves, double layers and supersolitons in unmagnetized collisionless
e-p-i-d plasma, (iii) the investigations have been made with the help of the qualitatively
different compositional parameter spaces instead of considering particular values of the pa-
rameters involved in the system, (iv) a general theory has been given on the existence of
bounded supersolitons which describes the condition on the Mach number for the occurrence
of bounded supersolitons, (v) a thorough investigation on existence of DIA solitary struc-
tures has been presented through the compositional parameter spaces, giving the special
emphasis on the existence of bounded supersolitons.
Four basic parameters of the present e-p-i-d plasma system are p, µ, σpe and σie which
are, respectively, the ratio of unperturbed number density of positrons to that of the total
unperturbed number density of positive charge, the ratio of unperturbed number density of
electrons to that of the total unperturbed number density of negative charge, the ratio of the
average temperature of positrons to that of electrons and the ratio of average temperature
of ions to that of electrons. The studies of the DIA solitary structures of the present e-p-i-d
plasma system have been made over the entire physically admissible values of p, µ, σpe and
σie.
The present paper is organized as follows: In §II, the basic equations are given. The
derivation and the mechanical analogy of the energy integral are given in §III. Conditions
for the existence of solitary wave and double layer solutions are also given in this section.
A general theory for the formation of bounded supersolitons has been presented in §IV by
imposing the restrictions on the Mach number. The lower bound and the upper bound of the
Mach number for the existence of different solitary structures have been determined in this
section. With the help of the analytical theory discussed in §IV, a computational scheme
has been developed in §V to draw the qualitatively different compositional parameter spaces
with respect to any parameter of the system. In §V, DIA solitary structures of the present
plasma system have been thoroughly presented with the help of the qualitatively distinct
compositional parameter spaces, giving special emphasis on the bounded positive potential
supersolitons. Finally, a brief summary and discussions have been given in §VI.
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II. BASIC EQUATIONS
The following are the governing equations describing the non-linear behaviour of dust
ion acoustic waves propagating along x-axis in collisionless unmagnetized dusty plasma con-
sisting of adiabatic warm ions, negatively charged immobile dust grains, and isothermally
distributed electrons and positrons:
∂ni
∂t
+
∂
∂x
(niui) = 0, (1)
nimi
(
∂ui
∂t
+ ui
∂ui
∂x
)
+
∂pi
∂x
+ niqi
∂φ
∂x
= 0, (2)
∂pi
∂t
+ ui
∂pi
∂x
+ γpi
∂ui
∂x
= 0, (3)
∂2φ
∂x2
= −4pie(ni − ne + np − Zdnd). (4)
Here ni, ne, np, nd, ui, pi, φ, x and t are, respectively, ion number density, electron number
density, positron number density, dust particle number density, ion fluid velocity, ion fluid
pressure, electrostatic potential, spatial variable and time, γ(= 3) is the adiabatic index, mi
is the mass of ion fluid, Zd is the number of negative unit charges residing on the dust grain
surface and e is the charge of an electron.
The above four equations are supplemented by
ne
ne0
= exp
[
φ
Φ
]
,
np
np0
= exp
[
− φ
σpeΦ
]
, (5)
and the charge neutrality condition
ni0 + np0 = ne0 + Zdnd0, (6)
where ne0, ni0, np0 and nd0 are, respectively, the unperturbed number densities of electron,
ion, positron and dust particulate, Φ and σpe are given by
Φ =
KBTe
e
, σpe =
Tp
Te
. (7)
Here KB is the Boltzmann constant, Te and Tp are the average temperatures of electrons
and positrons respectively.
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III. ENERGY INTEGRAL
The linear dispersion relation of the DIA wave for the present dusty plasma system can
be written as
ω
k
= cD
√
1 + γσie
M2s
k2λ2D
1 + k2λ2D
, cD = CsMs (8)
where ω and k are respectively the wave frequency and wave number of the plane wave
perturbation, and
Cs =
√
KBTe
mi
,Ms =
√
γσie +
(1− p)σpe
p+ µσpe
, (9)
1
λ2D
=
1
λ2Dp
+
1
λ2De
, (10)
λ2Dp =
KBTp
4pie2np0
, λ2De =
KBTe
4pie2ne0
, (11)
σie =
Ti
Te
, σpe =
Tp
Te
, p =
np0
n0
, µ =
ne0
n0
, (12)
n0 = ni0 + np0 = ne0 + Zdnd0. (13)
Now for long-wave length plane wave perturbation, i.e., for k → 0, from linear dispersion
relation (8), we have,
lim
k→0
ω
k
= cD and lim
k→0
dω
dk
= cD (14)
and consequently the dispersion relation (8) shows that the linearized velocity of the DIA
wave in the present plasma system is cD with λD as the Debye length.
To study the arbitrary amplitude time independent DIA solitary waves and double layers,
we make all the dependent variables depend only on a single variable ξ = x − Ut where U
is independent of x and t. Thus, in the wave frame moving with a constant velocity U the
equations (1)-(4) can be put in the following form
d
dξ
{
(U − ui) ni
ni0
}
= 0, (15)
d
dξ
(− Uui + u2i
2
+ C2s
φ
Φ
)
+ σieC
2
s
ni0
ni
d
dξ
(pi
P
)
= 0, (16)
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ddξ
{
(U − ui)
(pi
P
)1/γ}
= 0, (17)
d2
dξ2
(
φ
Φ
)
=
M2s − γσie
λ2D
[
1− µ
1− p +
µ
1− p
ne
ne0
− p
1− p
np
np0
− ni
ni0
]
. (18)
Here P = ni0KBTi, ni0 is the unperturbed ion number density and Ti is the average tem-
perature of ions.
Using the boundary conditions,
( ni
ni0
,
pi
P
, ui, φ,
dφ
dξ
)→ (1, 1, 0, 0, 0) as |ξ| → ∞ (19)
and solving (15), (16), and (17), we get a quadratic equation for n2i , and the solution of the
final equation of ni can be put in the following form:
ni
ni0
= Ni =
(U/Cs)
√
2√
ΦU
Φ
− φ
Φ
+
√
ΨU
Φ
− φ
Φ
, (20)
where
ΦU
Φ
=
1
2
( U
Cs
+
√
3σie
)2
,
ΨU
Φ
=
1
2
( U
Cs
−√3σie
)2
(21)
Now integrating (18) with respect to φ and using the boundary conditions (19), we get
the following equation known as energy integral with W (φ) as the Sagdeev potential or
pseudo-potential:
1
2
(
dφ
dξ
)2
+W (φ) = 0 (22)
where
W (φ) =
Φ2
λ2D
(M2s − 3σie)
[
Wi +
pσpe
1− pWp −
µ
1− pWe −
1− µ
1− pWd
]
, (23)
Wi =
U2
C2s
+ σie −Ni
(U2
C2s
+ 3σie − 2φ
Φ
− 2σieN2i
)
, (24)
We = exp
(
φ
Φ
)
− 1,Wp = 1− exp
(
− φ
σpeΦ
)
, (25)
Wd =
φ
Φ
. (26)
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The energy integral (22) can be regarded as the equation of energy of a particle of unit mass
moving along a straight line whose position is φ at time ξ with velocity dφ
dξ
. The first term
of the energy integral (22) can be regarded as the kinetic energy of the particle whereas the
second term of the energy integral (22) can be regarded as the potential energy of the same
particle at that instant. As the kinetic energy is a non-negative quantity, W (φ) ≤ 0 for the
entire motion of the particle. Differentiating the energy integral (22) with respect to φ, we
get the following equation
d2φ
dξ2
+W ′(φ) = 0,W ′(φ) =
dW
dφ
(27)
The above equation shows that the particle of unit mass is under the action of the force
−W ′(φ) and this force is attracting one, i.e., directed towards the point φ = 0, i.e., φ = 0
is the centre of the force if W ′(φ) > 0 for φ > 0 or W ′(φ) < 0 for φ < 0. Now, if
W (0) = W ′(0) = 0, then both the velocity and the force acting on the particle at φ = 0 are
simultaneously equal to zero and consequently, the particle is in equilibrium at φ = 0. Let
φ = 0 be an equilibrium position of the particle associated with the energy integral (22).
The nature of the equilibrium point φ = 0 depends on the sign of W ′′(0). In fact, we have
the following cases depending on the sign of W ′′(0) : W ′′(0) > 0 and W ′′(0) < 0. The case
W ′′(0) > 0 implies that φ = 0 is a position of stable equilibrium but this case is not possible
because for this case the radius of curvature of the curve W (φ) at φ = 0 is positive and
consequently the curve W (φ) is concave with respect to the φ - axis in a neighbourhood of
φ = 0 which again implies that W (φ) > 0 for any φ (except the point φ = 0) lying within a
very small neighbourhood of φ = 0. But W (φ) > 0 is not possible for the particle which has
been associated with the energy integral (22) as we have seen earlier that W (φ) ≤ 0 for the
entire motion of the particle. Next we consider the case W ′′(0) < 0. For this case, φ = 0 is
a position of unstable equilibrium of the particle and W (φ) is convex with respect to the φ -
axis in a neighbourhood of φ = 0 which again implies that W (φ) < 0 for any φ (except the
point φ = 0) lying within a very small neighbourhood of φ = 0. So, if the particle placed
at φ = 0 be slightly displaced towards the positive (negative) direction of φ - axis, it moves
away from its position of unstable equilibrium and it continues its motion until its velocity
is equal to zero, i.e., until φ takes the value φm such that W (φm) = 0 for φm > 0 (φm < 0).
Now, if W ′(φm) > 0 for φm > 0 (W
′(φm) < 0 for φm < 0), then although the velocity of the
particle at φ = φm vanishes, the force acting on the particle at φ = φm is directed towards
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the point φ = 0 and consequently, the particle will come back again at φ = 0. Therefore,
if W (0) = W ′(0) = 0, W ′′(0) < 0, W (φm) = 0 and W
′(φm) > 0 for φm > 0 (W
′(φm) < 0
for φm < 0) then the energy integral (22) can be regarded as the equation of energy of the
oscillatory motion of a particle of unit mass, i.e., we have an oscillation of the particle within
0 < φ < φm (φm < φ < 0). As this oscillation takes place in a wave frame moving with a
velocity U , this oscillation propagates with velocity U and in this wave frame this oscillation
is known as positive (negative) potential soliton. From the mechanical analogy of the energy
integral (22) as mentioned above, Sagdeev [1] established that for the existence of a Positive
Potential Solitary Wave (Negative Potential Solitary Wave) solution of the energy integral
(22), the following three conditions must be simultaneously satisfied.
Sa :: φ = 0 is the position of unstable equilibrium of the particle, i.e., W (0) = W ′(0) = 0
and W ′′(0) < 0.
Sb :: W (φm) = 0, W
′(φm) > 0 for some φm > 0 (W
′(φm) < 0 for some φm < 0).
This condition is responsible for the oscillation of the particle within the interval
min{0, φm} < φ < max{0, φm}.
Sc :: W (φ) < 0 for all 0 < φ < φm (W (φ) < 0 for all φm < φ < 0). This condition is
necessary to define the energy integral (22) within the interval min{0, φm} < φ <
max{0, φm}.
On the other hand, if W ′(φm) = 0 along with the condition W (φm) = 0 then the velocity
and the force acting on the particle at φ = φm are simultaneously equal to zero and conse-
quently the particle will not be reflected back again at φ = 0. In this case instead of soliton
solution Energy Integral (22) gives shock-like solution which is known as double layer solu-
tion. If φm > 0 the double layer is known as positive potential double layer (PPDL) whereas
if φm < 0 the double layer is known as negative potential double layer (NPDL). Therefore,
for the existence of a Positive Potential Double Layer (Negative Potential Double Layer)
solution of the energy integral (22), the following three conditions must be simultaneously
satisfied.
Da :: φ = 0 is the position of unstable equilibrium of the particle, i.e., W (0) = W ′(0) = 0
and W ′′(0) < 0.
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Db :: W (φm) = 0, W
′(φm) = 0, W
′′(φm) < 0 for some φm > 0 (φm < 0). This condition
actually states that the particle cannot be reflected back again at φ = 0.
Dc :: W (φ) < 0 for all 0 < φ < φm (W (φ) < 0 for all φm < φ < 0). This condition
is necessary to define the energy integral (22) within the interval min{0, φm} < φ <
max{0, φm}.
Here, we have not discussed the case for the existence of solitary structures (solitons and
double layers) when W ′′(0) = 0. Following Das et al. [82] one can discuss this case for this
particular problem.
Therefore, the necessary conditions for the existence of solitary structures of the energy
integral (22) are W (0) = 0, W ′(0) = 0, and W ′′(0) < 0. It can be easily checked that
W (0) = 0, W ′(0) = 0, and the condition W ′′(0) < 0 gives U > cD, and consequently the
greatest lower bound (glb) of the Mach number (M = U/cD, which has been explicitly
discussed by Dubinov [83]) for the existence of solitary structures of the energy integral (22)
is Mc = 1, i.e., the solitary structures start to exist for U > cD(⇔ M > Mc = 1). So we
have introduced the following dimensionless quantities: x¯ = x/λD, ξ = ξ/λD, t = t/(λD/cD),
ui = ui(λD/cD)/λD = ui/cD, φ = φ/Φ, pi = pi/P , ns = ns/n0. Now we note the following
fact: ξ = x−Ut = λDx−U λDcD t = λD[x− UcD t] = λD[x−Mt]⇔
ξ
λD
= x−Mt⇔ ξ = x−Mt,
i.e., here spatial coordinate is normalized by λD and the time is normalized by
λD
cD
. Then with
respect to these dimensionless quantities, the energy integral can be simplified as follows,
where we drop overline on both independent and dependent variables:
1
2
(
dφ
dξ
)2
+ V (φ) = 0, (28)
where
V (φ) = (M2s − 3σie)
[
Vi +
p
1− pσpeVp −
µ
1− pVe −
1− µ
1− pVd
]
, (29)
Vi =M
2M2s + σie −Ni(M2M2s + 3σie − 2φ− 2σieN2i ),
Ni =
ni
ni0
=
MMs
√
2
(
√
ΦM − φ+
√
ΨM − φ)
(30)
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ΦM =
1
2
(
MMs +
√
3σie
)2
, (31)
ΨM =
1
2
(
MMs −
√
3σie
)2
, (32)
Ve = e
φ − 1, Vp = 1− e−φ/σpe , Vd = φ. (33)
The equations (22) and (28) are dynamically equivalent and consequently, the qualitative
behaviour of solitary structures determined by these two equations are same. In fact, one
can take any equation equivalent to the energy integral (22) to discuss the qualitative be-
haviour of the solitary structures, but in order to avoid quantitative inaccuracies, the general
prescription is to normalize length by λD and time by λD/cD, where λD is the actual Debye
length and cD is the actual acoustic speed of the plasma system [Dubinov [83]]. One can
obtain cD by considering the linear dispersion relation as prescribed by Dubinov [83]. So, we
can take the energy integral (28) to investigate the solitary structures of the present plasma
system.
From the expression of Ni as given by (30), we see that Ni is well - defined if and only
if both ΦM − φ and ΨM − φ are real and non-negative. Now the conditions ΦM − φ ≥ 0
and ΨM − φ ≥ 0 hold simultaneously if and only if φ ≤Min{ΦM ,ΨM}. As ΨM ≤ ΦM , the
equation (30) gives theoretically valid expression of Ni if and only if φ ≤ ΨM . Therefore, φ
is restricted by the inequality: φ ≤ ΨM = (MMs −
√
3σie)
2/2. In fact, we have used this
inequality, viz., φ ≤ ΨM to find the upper bound of the Mach number for the existence of
PPSWs.
IV. ANALYTICAL THEORY FOR THE FORMATION OF SUPERSOLITONS
In this section, our main aim is to find the Mach number for the existence of supersolitons.
Before going to investigate the existence of supersolitons analytically, first of all, we note
the following facts:
For the existence of solitary structures of the energy integral (28), we have V (0) = 0,
V ′(0) = 0, and V ′′(0) < 0. It can be easily checked that V (0) = 0, V ′(0) = 0, and the
condition V ′′(0) < 0 gives M > Mc = 1. Therefore, the solitary structures start to exist for
M > Mc = 1, i.e., M =Mc = 1 is the lower bound of the Mach number M for the existence
of solitary structures.
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If there exist solitons after the formation of double layer of same polarity for increasing
values of the Mach number then the solitons are known as supersolitons. In other words,
suppose we have a double layer solution at M =MDL of some polarity and for definiteness,
let us assume that we have a positive potential double layer solution at M = MDL. If
there exists a Mach number MP (> MDL) such that we have a PPSW at M = MP (>
MDL), then the PPSW at M = MP (> MDL) is called a positive potential supersoliton.
Similarly, one can define negative potential supersolitons. Existence of supersolitons for
some particular values of the parameters involved in different plasma system have been
recently reported by many authors [70, 84–99]. In the above investigations, except Das
et al. [70], the authors have studied the existence of supersolitons for some particular values
of the parameters involved in different plasma systems but Das et al. [70] have studied
the unbounded negative potential supersolitons through the compositional parameter space.
They have clearly pointed out the existence region of the unbounded negative potential
supersolitons but instead of ‘supersolitons’ they have used the term ‘dias type solitons’.
From the physical interpretation of the energy integral for the existence of the double
layer of any polarity, we have found that the existence of the double layer of any polarity
always implies that there must exist a sequence of solitary waves of same polarity having
monotonically increasing amplitude converging to the double layer solution, i.e., the ampli-
tude of the double layer solution acts as an exact upper bound or least upper bound (lub)
of the amplitudes of at least one sequence of solitary waves of same polarity. Therefore, if
the double layer solution exists then this double layer solution is a limiting structure of a
sequence of solitary waves of same polarity. On the other hand, any sequence of solitary
waves ends with a double layer of same polarity if it exists. So, double layer solution plays
an important role to restrict the occurrence of at least one sequence of solitary waves of
same polarity. More specifically, if M = MPPDL (M = MNPDL) corresponds to the positive
(negative) potential double layer then there must exist positive (negative) potential solitary
waves for any M restricted by the inequality Mc < M < MPPDL (Mc < M < MNPDL) and
the amplitude of the solitary wave increases with increasing M and these solitary waves end
with a double layer solution of same polarity when M assumes the value M = MPPDL for
positive potential double layer (M =MNPDL for negative potential double layer). Therefore,
double layer solution plays an important role to restrict the occurrence of solitary waves of
same polarity. Of course, our aim is to find a Mach number MP > MPPDL (MN > MNPDL)
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such that there exists a PPSW (NPSW) at M = MP (M = MN). Now, if the plasma
system does not support any PPDL (NPDL) for any given set of values of the parameters
of the system, then there is no question of existence of positive (negative) potential super-
solitons. So, it is important to investigate whether the system supports any double layer
solution. Following Das et al. [70], we shall analytically investigate the existence of double
layer solution of the energy integral (28).
For the existence of a double layer solution of the energy integral (28), we must have a
non-zero φ (φ 6= 0) such that the following conditions are simultaneously satisfied:
V (φ) = 0, V ′(φ) = 0, V ′′(φ) < 0 (34)
Using equations (29) - (33), the first equation, the second equation, and the third inequality
of (34) can be written, respectively, as
V (φ) ≡ (1−Ni)M2M2s + σie −Ni(3σie − 2φ− 2σieN2i )− S = 0, (35)
V ′(φ) ≡ Ni − dS
dφ
= 0, (36)
V ′′(φ) ≡ d
dφ
(
Ni − dS
dφ
)
< 0, (37)
where
S =
µ
(1− p)Ve +
1− µ
(1− p)Vd −
pσpe
(1− p)Vp, (38)
Eliminating Ni from (35) and (36), we get
M2 =
S − σie + dSdφ
[
3σie − 2φ− 2σie
(
dS
dφ
)2]
M2s
(
1− dS
dφ
) . (39)
It can be easily checked that φ = 0 if and only if dS/dφ = 1, and consequently for non-zero
φ, (39) can be written as
M2M2s = h(φ), (40)
where
h(φ) =
S − σie + dSdφ
[
3σie − 2φ− 2σie
(
dS
dφ
)2](
1− dS
dφ
) . (41)
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Using (41), from (36) and (37) we, respectively, get
η(φ) = 0, (42)
dη
dφ
< 0, (43)
where
η(φ) ≡
√
2h(φ)√
g+(φ)− φ+
√
g−(φ)− φ
− dS
dφ
, (44)
g±(φ) =
1
2
(√
h(φ)±√3σie
)2
. (45)
Now, the double layer solution of the energy integral (28) having amplitude |φdl| exists at
M = Mdl, where Mdl is given by the following equations
Mdl =
√
h(φdl)
Ms
, (46)
η(φdl) = 0, (47)
with
h(φdl)−M2c > 0, (48)
g−(φdl)− φdl ≥ 0, (49)
dη
dφ
∣∣∣∣
φ=φdl
< 0. (50)
To derive condition (49), we have used the following restriction on φ : φ ≤ ΨM = 12(MMs−√
3σie)
2. If the inequalities given by (48), (49) and (50) hold simultaneously then one can
get a PPDL or NPDL at φ = φdl according to whether φdl > 0 or φdl < 0.
So, if the system supports any double layer solution, we can easily find the Mach number
corresponding to that double layer solution by using the equations (46) - (47) and the
conditions (48) - (50). Now, if there exist solitary waves after the formation of double
layer then our aim is to investigate whether the occurrence of PPSWs (NPSWs) after the
formation of PPDL (NPDL) are bounded or not. The amplitudes of PPSWs or NPSWs are
also monotonically increasing for increasing values of Mach number after the formation of
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double layer. Now we want to investigate whether there exist any Mach number for which
the solitary wave takes the largest amplitude after the formation of double layer. If such
Mach number exists then this Mach number restricts the occurrence of PPSWs (NPSWs)
after the formation of PPDL (NPDL) and consequently the existence region of PPSWs
(NPSWs) becomes bounded.
Secondly, if the system does not support either PPDL or NPDL or both then our aim is
to investigate whether the occurrence of PPSWs or NPSWs are bounded or not. So, in this
case our task is to find the upper bound of the Mach number (if exists) for the occurrence
of PPSWs or NPSWs. In the next two subsections, we shall analytically investigate the
upper bounds of the Mach number for the existence of PPSWs (including positive potential
supersolitons) and NPSWs (including negative potential supersolitons) of the energy integral
(28).
A. Upper bound of the Mach number for the existence of PPSWs (including
positive potential supersolitons)
To find an upper bound of the Mach number for the existence of any type of positive
potential solitary structures, following Das et al. [70], we consider the existence of a PPSW
of amplitude φm > 0. Then, following conditions are simultaneously satisfied.
V (0) = 0, V ′(0) = 0 and V ′′(0) < 0 (51)
V (φm) = 0 and V
′(φm) > 0 (52)
V (φ) < 0 for all 0 < φ < φm (53)
The conditions as given in (51) are simultaneously satisfied if M > Mc = 1. We assume
that this condition holds good. We also assume that the conditions as given in (52) are also
true. Consider the condition as given in (53).
We have seen in the previous section that V (φ) is real only when φ ≤ ΨM and conse-
quently, we must have φm ≤ ΨM , otherwise V (φm) is not a real quantity. Therefore, we
can rewrite the inequality as given in (53) as
V (φ) < 0 for all 0 < φ < φm ≤ ΨM (54)
But the inequality (54) can define a large amplitude PPSW of amplitude ΨM , which is in
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conformity with (51) if
V (ΨM) = 0 and V
′(ΨM) > 0. (55)
Again, let Mmax be the maximum value of M up to which positive potential solitary wave
solution can exist. As ΨM increases with M , ΨM ≤ ΨMmax . Therefore, the inequality
V (φ) < 0 for all 0 < φ < (φm ≤ ΨM ≤)ΨMmax (56)
defines the largest amplitude PPSW if
V (ΨMmax) = 0 and V
′(ΨMmax) > 0. (57)
Therefore, for the existence of PPSWs, the Mach number M is restricted by the following
inequality: Mc < M ≤Mmax, whereMmax is the largest positive root of equation V (ΨM) = 0
subject to the condition V (ΨM) ≥ 0 for all M ≤Mmax.
So, Mmax can restrict the existence of PPSWs. But if a PPDL exists at M = MPPDL,
then this PPDL can restrict the existence of at least one sequence of PPSWs because the
existence of a PPDL implies the existence of at least one sequence of PPSWs which converges
to the PPDL solution. Therefore, with respect to the existence of MPPDL and Mmax, we
have the following three cases.
Case-1 : If MPPDL exists but Mmax does not exist for fixed values of the parameters
involved in the system then obviously MPPDL is the upper bound of M for the existence of
positive potential solitary waves, i.e., one can get a PPSW for all M such that Mc < M <
MPPDL and for M > MPPDL there does not exist any positive potential solitary structure
whereas at M =MPPDL one can get a PPDL solution.
Case-2 : If Mmax exists but MPPDL does not exist for fixed values of the parameters
involved in the system then Mmax is the upper bound of M for the existence of positive
potential solitary waves, i.e., one can get a PPSW for all M such that Mc < M ≤ Mmax
and for M > Mmax there does not exist any positive potential solitary structure.
Case-3 : If both Mmax and MPPDL exist for fixed values of the parameters involved in
the system then the case for which Mc < Mmax < MPPDL is not possible for the following
reasons: The existence of PPSW is restricted by the inequalityMc < M < MPPDL only when
there does not exist Mmax. In other words, existence ofMmax implies that the mach number
M for existence of any type of positive potential solitary structure is always restricted by the
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inequality Mc < M ≤ Mmax. In this case, we have seen that Mmax exists finitely but Mmax
is not the upper bound of the mach number M for the existence of PPSWs, which is not
possible because there exist PPSWs for allM lying within the intervalMmax < M < MPPDL.
So, if Mmax exists finitely, then Mmax must be the upper bound of the mach number M for
the existence of any type of PPSWs, i.e., there does not exist any positive potential solitary
structures for M > Mmax.
Therefore, if both Mmax and MPPDL exist for fixed values of the parameters involved in
the system then we must have Mc < MPPDL < Mmax. For this case we have the following
conclusions: For this case, we can split the entire range of the Mach number M into two
disjoint subintervals, viz., Mc < M < MPPDL and MPPDL < M ≤ Mmax. Now, for
Mc < M < MPPDL, we get a sequence of PPSWs converging to the positive potential double
layer solution at M = MPPDL. In other words, the positive potential double layer solution
at M =MPPDL can restrict the occurrence of all PPSWs for all M lying within the interval
Mc < M < MPPDL whereas for MPPDL < M ≤ Mmax, we get positive potential solitons
after the formation of positive potential double layer at M = MPPDL, i.e., we get dias type
solitons (according to Das et al. [70]) or supersolitons (according to Dubinov and Kolotkov
[87]), which has been recently reported by many authors for some particular values of the
parameters involved in the system. ForMPPDL < M ≤Mmax, amplitude of the supersoliton
increases with increasing values of M but the amplitude of the supersolitons are bounded
and the maximum amplitude of the supersoliton can be obtained at M = Mmax. So, we
have two types of PPSWs: the first type is restricted by Mc < M < MPPDL whereas the
second type is restricted by MPPDL < M ≤ Mmax. In fact, Das et al. [70] clearly stated
the following conditions for existence of supersolitons or dias type solitons. Supersolitons
can exist if there exist two types of solitary waves of same polarity separated by a double
layer of same polarity and in this case there exists a jump type discontinuity between the
amplitudes of the solitary waves separated by a double layer. In their paper, they have also
reported that if there exists two types of NPSWs (PPSWs) separated by a NPDL (PPDL)
then there is a finite jump between the amplitudes of two types of NPSWs (PPSWs) only
when ∂V/∂M < 0 for all M > 0 and all φ < 0(φ > 0).
On the other hand, if there exists a PPDL solution φ = φPPDL(> 0) of the energy
integral (28) for the Mach number M = MPPDL, then φ = φPPDL is the smallest posi-
tive double root of the equation V (φ) = 0(≡ V (MPPDL, φ) = 0) such that 0 < φPPDL ≤
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ΨMPPDL i.e., V (MPPDL, φPPDL) = 0 and V
′(MPPDL, φPPDL) = 0 along with the condition
0 < φPPDL ≤ ΨMPPDL. If φ = φPPDL(> 0) is the only root (double root) of the equation
V (φ)(≡ V (MPPDL, φ) = 0) then this PPDL solution is the ultimate solution of the energy
integral (28) and in this case, it is not possible to get any other PPSWs for M > MPPDL,
i.e., for the occurrence of any PPSW, the Mach number M is restricted by the inequality
Mc < M < MPPDL. But if there exists a simple positive root φD1(> 0) of V (MPPDL, φ) = 0
for the unknown φ just after the occurrence of the double layer solution at φ = φPPDL(> 0)
for the Mach number M = MPPDL, i.e., if V (MPPDL, φD1) = 0 along with the condi-
tions V (MPPDL, φPPDL) = 0, V
′(MPPDL, φPPDL) = 0, 0 < φPPDL < φD1 ≤ ΨMPPDL and
V (MPPDL, φ) < 0 for all φPPDL < φ < φD1, then there exists a PPSW solution of the en-
ergy integral (28) for at least one value of M > MPPDL, and consequently, we get a PPSW
solution of the energy integral (28) after the formation of PPDL at M =MPPDL, i.e., there
exists positive potential supersoliton. Although the amplitudes of supersolitons are mono-
tonically increasing with increasing values of M for M > MPPDL, but the amplitudes of
the supersolitons are restricted by ΨM since 0 < φ ≤ ΨM . Therefore, one can find a Mach
number M for which the amplitude of the supersolitons attains its maximum value and
from the previous discussion, we have seen that the amplitude of the supersolitons attains
its maximum value when M = Mmax(> MPPDL).
B. Upper bounds of the Mach number for the existence of NPSWs (including
negative potential supersolitons)
We have seen earlier that V (φ) is real if φ ≤ ΨM , where ΨM is strictly positive. For
NPSWs or NPDLs, we have
V (φ) < 0 for all φm < φ < 0 (58)
along with the conditions stated in Section III for the existence of NPSWs or NPDLs. As ΨM
is strictly positive and for NPSWs or NPDLs φ < 0, the condition φ < ΨM is automatically
satisfied and consequently for these two cases (NPSWs and NPDLs) V (φ) is well defined
for all φ < 0 without imposing any extra condition. Since there is no such restriction on
φ, we cannot use the same definition as in the case of PPSWs to find the upper bound of
Mach numbers for the existence of NPSWs. For the case of NPSWs, to find an upper limit
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or upper bound of M up to which NPSW can exist, we shall first find a value MNPDL of
M for which energy integral (28) gives a NPDL solution at M = MNPDL with amplitude
φ = φNPDL. Now, if at M =MNPDL, φ = φNPDL is the only root (double root) of equation
V (φ) ≡ V (M,φ) = 0, i.e. V (MNPDL, φNPDL) = 0 and V ′(MNPDL, φNPDL) = 0, then the
NPDL solution is the ultimate solution of the energy integral (28), and in this case no
NPSW solution can be obtained for M > MNPDL, i.e. for the occurrence of NPSWs the
Mach number M is restricted by the inequality Mc < M < MNPDL.
On the other hand, if there exists an inaccessible simple negative root φD2(< 0) of
V (MNPDL, φ) = 0 for the unknown φ such that |φD2| > |φNPDL| , i.e., if V (MNPDL, φD2) = 0
along with the conditions V (MNPDL, φNPDL) = 0, V
′(MNPDL , φNPDL) = 0, |φD2| >
|φNPDL|, and V (MNPDL, φ) < 0 for all φD2 < φ < φNPDL, then there exists a NPSW
solution of the energy integral (28) for at least one value of M > MNPDL. Therefore, the
double layer solution is unable to restrict the occurrence of NPSWs or there exist NPSWs for
all M > MNPDL, i.e., in this case, there exist negative potential unbounded supersolitons.
For example, one can consider the DIA solitary structures in the plasma system considered
by Das et al. [70].
On the basis of the analytical theory, which have been considered in the present section,
we have developed a computational scheme to draw the solution space or the compositional
parameter space showing the nature of existence of different solitary structures of the present
system. More specifically, a solution space or compositional parameter space is a figure where
we plot the curves M = Mc, M = Mmax, M = MPPDL and M = MNPDL with respect to
any parameter of the system and consequently, in the compositional parameter space, if
we can find a region where the existence region of PPSWs (NPSWs) is separated by the
curve M = MPPDL (M = MNPDL), then we can claim that the system supports positive
(negative) potential supersolitons. In particular, for the case of PPSWs, if we can find a
region where MPPDL < Mmax then we can claim that the system supports positive potential
supersolitons for all Mach number M lying within the interval MPPDL < M ≤Mmax. So, if
we can draw the solution space then it is simple to find the existence region of supersolitons
and we can avoid the ‘trial and error’ method to investigate the existence of supersolitons
for particular values of the parameters involved in the system. In the next section, we have
investigated different solitary structures associated with the different solutions of the energy
integral (28) with the help of the qualitatively different compositional parameter spaces.
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V. DIFFERENT SOLUTION SPACES OF THE ENERGY INTEGRAL
Four basic parameters of the present e-p-i-d plasma system are p, µ, σpe and σie, which
are, respectively, the ratio of unperturbed number density of positrons to that of the total
unperturbed number density of positive charge, the ratio of unperturbed number density
of electrons to that of the total unperturbed number density of negative charge, the ratio
of the average temperature of positrons to that of electrons and the ratio of the average
temperature of ions to that of electrons. As the parameter σie assumes a constant value for
dusty plasma system, we will discuss the existence regions of the different solitary structures
with respect to µ for different values of p and σpe and with respect to p for different values of
µ and σpe. A solution space or compositional parameter space is a figure where we plot the
curves M =Mc, M = Mmax, M = MPPDL and M = MNPDL with respect to any parameter
of the system. In the present paper the solution spaces have been drawn with respect to the
parameter p or µ . To interpret the compositional parameter space we have made a general
description as follows:
1. Solitary structures start to exist just above the lower curve M = Mc = 1.
2. At each point on the curve M = MPPDL (M = MNPDL), one can get a PPDL (NPDL)
solution.
3. In absence of MPPDL (Mmax), Mmax (MPPDL) is the upper bound of M for the ex-
istence of PPSWs i.e there does not exist any PPSW if M > Mmax (M > MPPDL).
Although, it is important to note that there exist PPSWs along the curve M =Mmax
but there does not exist any PPSW along the curve M = MPPDL.
4. If both MPPDL and Mmax exist finitely, then max{Mmax,MPPDL} is the upper bound
of M for the existence of PPSWs. The case has already been discussed in subsection
IVA of section IV.
5. If we pick a p or µ and go vertically upwards, then all intermediate values of M
bounded by the curves M = Mc and M = Mmax or MPPDL or max{Mmax,MPPDL}
would give PPSWs.
6. Similarly, all intermediate values of M bounded by the curves M = Mc and M =
MNPDL would give NPSWs.
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7. If both MPPDL and Mmax exist and MPPDL < Mmax then all intermediate values of
M bounded by the curves M = MPPDL and M = Mmax would give positive potential
supersolitons. In fact, for Mc < M < MPPDL, one can get a sequence of PPSWs
converging to the positive potential double layer solution at M = MPPDL whereas for
MPPDL < M ≤ Mmax, one can get positive potential supersolitons. For MPPDL <
M ≤Mmax, amplitude of the supersoliton increases with increasing values ofM but for
the present system the amplitudes of the supersolitons are bounded and the maximum
amplitude of the supersoliton can be obtained at M = Mmax. As a result, we get two
types of PPSWs separated by a PPDL and the existence of first type PPSWs are
restricted by Mc < M < MPPDL whereas the existence of second type PPSWs (i.e.,
positive potential supersolitons) are restricted byMPPDL < M ≤Mmax. A finite jump
between the amplitudes of two types of PPSWs separated by a PPDL can be easily
verified by plotting V (φ) against φ or by plotting φ against ξ.
8. We have used the following notations to interpret the different solution spaces : C –
Region of coexistence of both NPSWs and PPSWs, N – Region of existence of NPSWs,
P – Region of existence of PPSWs and S – Region of existence of Supersolitons.
Now we consider the compositional parameter spaces or solution spaces with respect to the
parameter µ for increasing values of p starting from p = 0, i.e., there is no positron in the
system.
Solution Space w.r.t µ when p = 0 : Figure 1 shows the compositional parameter space
or solution space with respect to the parameter µ for p = 0, i.e., there is no positron in the
system. From this figure, we have the following observations:
• The system supports NPSW for all M > Mc.
• The system does not support any NPDL.
• The system does not support any PPDL.
• According to the definition of supersolitons, the system does not support supersoliton
of any polarity because the system does not support double layer solution of any
polarity.
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• PPSWs start to exist if µ exceeds a critical value µc and for all M lying within
Mc < M ≤Mmax.
• The system supports coexistence of both NPSWs and PPSWs if µ > µc and Mc <
M ≤Mmax. For σie = σpe = 0.9, the value of µc is 0.145.
Solution Space w.r.t µ for 0 < p < 0.0001: Figure 2 shows the compositional parameter
space or solution space with respect to the parameter µ for p = 0.00001, i.e., a very small
amount of positron is injected in the system. Here, the main important and interesting
differences from the solution space with p = 0 are as follows:
• The system supports NPDL along the curve M =MNPDL.
• NPSWs are restricted for Mc < M < MNPDL, i.e., the existence region of NPSWs is
bounded by the curves M =Mc and M = MNPDL and consequently, the system does
not support any negative potential supersoliton.
• The region of coexistence of NPSWs and PPSWs is bounded by the curves M = Mc,
M =Mmax and M =MNPDL.
• The system supports coexistence of NPDL and PPSW along the curve M = MNPDL
bounded by the curves M =Mc and M = Mmax.
• As the system does not support any PPDL solution, the system does not support any
positive potential supersoliton.
For increasing values of p lying within 0 < p < 0.0001, the qualitative behaviour of the
solution spaces remains unchanged, the only exception is that the region of existence of
NPSWs decreases with increasing values of p for 0 < p < 0.0001.
Solution Space w.r.t µ for 0.0001 ≤ p < 0.025 : If we further increase the concentration
of positron from p = 0.0001 to p < 0.025, the solution space is not qualitatively same as
solution space for 0 < p < 0.0001. The main difference in this solution space is the existence
of PPDL solution along the curve M = MPPDL for a very small interval of µ which has
been shown in figure 3 for p = 0.01. Again, it has also been observed that as p increases
within 0.0001 ≤ p < 0.025, the interval of µ for the existence of PPDL solution increases.
Again, the existence of PPDL solution implies the existence of PPSWs bounded by the
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curves M = Mc and M = MPPDL. From the solution space as given in figure 3, we can
again conclude that the region of existence of NPSWs decreases with increasing values of
p for 0.0001 ≤ p < 0.025. This fact can be confirmed with the help of the solution space
for p = 0.02 where we have seen a huge reduction in the existence region of NPSWs. The
solution space with respect to the parameter µ is given in figure 4 for p = 0.02. It is observed
that the existence region of NPSWs ultimately collapses for p = 0.025. In fact, the existence
region of NPSWs decreases for increasing values of positron concentration and finally, there
exists a critical value of p for which the system does not support any negative potential
solitary structure (NPSW or NPDL). This fact can be efficiently described by the figure 5.
The figure 5 is the solution space with respect to µ for different values of p showing the
existence regions of NPSWs bounded by the curves M = Mc and M =MNPDL. But in case
of the the existence region of PPSWs bounded by the curves M = Mc and M = MPPDL,
we have seen that the existence region of PPDLs increases for increasing values of positron
concentration p if p < p(c), where p(c) is a certain critical value of p whereas for p > p(c), the
existence region of PPDLs decreases for increasing values of positron concentration p and
finally, there exists a critical value of p for which the system does not support any positive
potential double layer. This fact can be efficiently described by the figure 6. The figure 6 is
the solution space with respect to µ for different values of p showing the existence regions
of PPDLs. On the other hand, it can be easily verified that the existence region of PPSWs
bounded by the curves M = Mc and M = Mmax increases for increasing values of positron
concentration p. For σie = σpe = 0.9, the value of p
(c) is 0.0215. Again from the solution
spaces as given in figure 3 and figure 4, it is evident that the system does not support any
positive or negative potential supersoliton.
Solution Space w.r.t µ for 0.025 ≤ p < 0.07 : If we further increase the concentration
of positron from p = 0.025 to p < 0.07, then the solution space is not qualitatively same as
solution space for 0.0001 ≤ p < 0.025. For p = 0.03, the solution space with respect to the
parameter µ is given in figure 7. Here we have the following observations:
• The system does not support any NPSWs.
• The existence region of PPSWs has increased.
• There exist two cutoff values µa and µb such that for µa < µ < µb, we have MPPDL <
Mmax, i.e., in this interval of µ, there exist PPSWs after the formation of double layers
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if the mach number M is restricted by MPPDL < M ≤ Mmax. In fact, we have two
types of PPSWs: First Type - bounded by the curves M = Mc and M =MPPDL and
Second Type - bounded by the curves M = MPPDL and M = Mmax. Therefore, if
these two types of PPSWs are separated by a PPDL, i.e., if the existence region or a
portion of existence region of the total population of PPSWs (i.e., union of First and
Second Type PPSWs) is separated by the curve M = MPPDL or a portion of the curve
M = MPPDL, then for this particular portion of the curve M = MPPDL, we have a
positive potential solitary wave after the formation of positive potential double layer.
According to the property as mentioned by Das et al. [70], we have a jump type of
discontinuity between the amplitudes of these two types of solitary waves just before
and just after the formation of double layer and consequently, formation of positive
potential supersoliton is confirmed. Now, for the present problem, in the existence
region of supersolitons, we have MPPDL < M ≤ Mmax as supersoliton starts to exist
just after the formation of PPDL and consequently, we have the bounded positive
potential supersolitons. So, the region of existence of supersolitons is bounded by the
curves µ = µa, µ = µb, M = MPPDL and M = Mmax. It is not difficult to find the
values of µa and µb. For σie = σpe = 0.9, p = 0.03, the values of µa and µb are 0.069
and 0.081 respectively.
• In Figure 8, the existence of positive potential supersolitons has been verified by
plotting V (φ) against φ and also by plotting φ against ξ for a fixed µ lying within
µa < µ < µb and M = MPPDL+ 0.0001 along with the other values of the parameters
as shown in the figure. In fact, we can take any µ lying within µa < µ < µb and any
M lying within MPPDL < M ≤ Mmax to verify the the existence of positive potential
supersolitons.
• It is observed that the existence region of supersolitons ultimately collapses. In fact,
the existence region of supersolitons decreases for increasing values of positron con-
centration and finally, there exists a critical value of p for which the system does not
support any positive potential supersoliton. This fact can be efficiently described by
the figure 9.
From these observations, we can conclude that there must exist a critical value of p where
the NPSW collapses and there must exist a critical value of p for which there exist two cutoff
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values µa and µb such that for µa < µ < µb, we have MPPDL < Mmax.
Solution Space w.r.t µ for 0.07 ≤ p < 0.117 : If we further increase the concentration
of positron from p = 0.07 to p < 0.117, then the supersolitons disappear from the system
and the existence region of PPDL is still decreasing. In this case, the system supports only
PPSWs for all µ > 0. But there exists a cut off value µd of µ such that the PPSWs are
bounded by the curves M =Mc and M =MPPDL for 0 < µ < µd whereas for µd ≤ µ ≤ µT ,
the PPSWs are bounded by the curves M =Mc and M = Mmax, where µT is the physically
admissible upper bound of µ. Here the solution space with respect to the parameter µ for
p = 0.07 is given in figure 10. For the given values of σie = 0.9 and σpe = 0.9, the value of
µd is 0.018.
Solution Space w.r.t µ for p ≥ 0.117 : If we further increase the concentration of positron
starting from p = 0.117, then the PPDL disappears from the system but the system supports
only PPSWs for all µ > 0 and these PPSWs are bounded by the curves M = Mc and
M = Mmax. For p = 0.2, the solution space with respect to the parameter µ is given in
figure 11. This solution space is not qualitatively same as solution space for p = 0.07. Here
we see that the PPDLs disappear from the system but PPSWs exist for the entire range of
µ and the existence region of PPSWs is bounded by the curves M =Mc and M = Mmax. If
we further increase the concentration of positron then there is no qualitative change in the
solution space, i.e., we get the similar type of solution space as obtained in case of p = 0.2
but in any case the PPSWs are restricted by Mc < M ≤ Mmax and Mmax increases with
increasing values of p, i.e., the region of existence of PPSWs restricted by Mc < M ≤Mmax
increases with increasing values of p starting from p = 0.117 and for the entire range of µ.
Next we shall consider the solution spaces with respect to µ for some fixed value of p but
for different values of σpe.
• For p = 0.01 and σpe = 0.9, we have seen in figure 3 that the system does not
support any supersoliton but if the value of σpe decreases then we have seen that
NPDL disappears from the system and the positive potential supersoliton comes into
the picture, i.e., there exists a critical value σ
(c)
pe of σpe such that the system does not
support any supersoliton if σpe exceeds its critical value σ
(c)
pe and there exists a critical
value σ
(a)
pe of σpe such that NPDL solutions come into the picture if σpe > σ
(a)
pe where
σ
(a)
pe > σ
(c)
pe . For σie = 0.9, p = 0.01, the values of σ
(a)
pe and σ
(c)
pe are 0.5445 and 0.499
respectively.
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• Figure 12 shows the solution space with respect to µ for p = 0.01 and σpe = 0.4. This
solution space shows the existence of positive potential supersolitons but nonexistence
of NPDLs. In fact, for the decreasing values of σpe starting from σpe = 0.4, the system
will always support supersolitons but such supersoliton disappears if σpe exceeds the
critical value σ
(c)
pe .
• Next, figure 13 shows the solution space with respect to µ for p = 0.01 and σpe = 0.5
and we have seen that positive potential supersoliton disappears from the system. In
figure 14, the region of existence of positive potential supersolitons has been shown
for different values of σpe. From this figure, we see that the region of existence of
supersolitons increases with increasing values of σpe. In fact, it has been observed that
there exists a critical value σ
(b)
pe of σpe such that at σpe = σ
(b)
pe the region of existence of
supersolitons is maximum and after σpe = σ
(b)
pe the region of existence of supersolitons
decreases very rapidly with increasing values of σpe and finally it disappears from the
system and after the disappearance of the positive potential supersolitons, NPDLs
come into the picture as we have seen earlier for σpe = 0.9. For σie = 0.9, p = 0.01,
the values of σ
(b)
pe is very close to σ
(c)
pe .
• Other interesting results obtained from the solution spaces are the followings:
– Region of existence of PPSWs bounded by the curves M = Mc and M = Mmax
decreases with increasing values of σpe as shown in the figure 15.
– Region of existence of PPSWs bounded by the curves M =Mc and M = MPPDL
increases with increasing values of σpe as shown in the figure 16.
– It can also be checked that the region of existence of NPSWs bounded by the
curves M =Mc and M = MNPDL increases with increasing values of σpe. In fact,
here we have qualitatively same type of solution spaces as given in figure 5. The
only exception is that the region of existence of NPSWs bounded by the curves
M = Mc and M = MNPDL increases with increasing values of σpe instead of the
fact that the region of existence of NPSWs bounded by the curves M = Mc and
M = MNPDL decreases with increasing values of p.
– For small value of p and for very large value of σpe (σpe = 100, say), we have
exactly same type of solution space as given in figure 1, i.e., the solution space
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for p=0. This fact is consistent with the Energy integral (22) because it is simple
to check that
lim
σpe→∞
σpeWp =
φ
Φ
, (59)
and consequently the equation (23) can be written as
W (φ) =
Φ2
λ2D
(M2s − 3σie)
[
Wi − µ
1− pWe −
1− p− µ
1− p Wd
]
. (60)
Now, for small values of p, we can set 1−p ≈ 1 and the above expression ofW (φ)
assumes the following form
W (φ) =
Φ2
λ2D
(M2s − 3σie)
[
Wi − µWe − (1− µ)Wd
]
. (61)
The equation (61) is free from the parameters associated with the positrons and
consequently, for this case, there is no effect of positrons on the solitary structures
of the DIA waves. On the other hand, if µ+p < 1, then we have the qualitatively
similar type of solution space as given in figure 1.
From the solution space with respect to µ for different values of σpe (actually, for increasing
values of σpe), we have seen that the NPDL comes into the picture after the disappearance
of positive potential supersolitons whereas from the solution space with respect to µ for
different values of p (actually, for increasing values of p), we have seen that the positive
potential supersoliton comes into the picture after the disappearance of NPDL. Therefore,
for the solution space with respect to µ, we have seen that it is impossible to get simultaneous
occurrence of positive potential supersolitons and NPDLs for any arbitrarily fixed values of p
and σpe. This fact can be easily understood from the solution space with respect to p. Figure
17 shows the solution space with respect to p for fixed values of µ and σpe as mentioned in
the figure. Although this solution space shows the simultaneous occurrence of NPDLs and
positive potential supersolitons but if we restrict the value of p at p = pk (a fixed value of
p), then from the figure it is clear that the simultaneous occurrence of NPDL and positive
potential supersoliton is not possible. In other words, if we move the solution space along
the curve parallel to the curveM =Mc then from the solution space as given in figure 17, we
see that the positive potential supersoliton comes into the picture after the disappearance
of all NPDLs. Again, we have seen the coexistence of NPSWs and PPSWs for an interval
of p bounded by the curves M = Mc, M = MNPDL and M = Mmax only when the positive
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potential supersoliton disappears from the system. But this case occurs only when µ exceeds
a critical value. This qualitative behaviour has been shown in the figure 18. Figure 18 shows
the solution space with respect to p for fixed values of µ and σpe as mentioned in the figure.
From this solution space we see that positive potential supersoliton disappears from the
system and at the same time coexistence of both positive and negative potential solitary
waves take place for a definite interval of p. If we further increase the value of µ then we
see that NPDLs disappear from the solution space and for the entire interval of p, we have
only PPSWs bounded by the curves M = Mc and M = Mmax. This type of solution space
is qualitatively same as the solution space with respect to µ as shown in figure 11.
VI. SUMMARY & DISCUSSIONS
In the present paper, a thorough investigation on the existence regions of the different
dust ion acoustic solitary structures has been made in an unmagnetized dusty plasma con-
sisting of negatively charged dust grains, adiabatic warm ions, and isothermally distributed
electrons and positrons with the help of the compositional parameter space showing the
nature of existence of different solitary structures, giving a special emphasis on the nature
of existence of supersolitons. If there exist solitons after the formation of double layer of
same polarity for increasing values of the Mach number then the solitons are known as su-
persolitons and if the amplitude of any supersoliton is bounded then the supersolitons are
known as bounded supersolitons. The Sagdeev potential technique has been used to study
the arbitrary amplitude supersolitons. A general theory has been given on the existence of
bounded supersolitons. If there exists a parameter regime for which the positive (negative)
potential double layer is unable to restrict the occurrence of positive (negative) potential
solitary waves then in this region of the parameter space, there exist positive (negative) po-
tential solitary waves after the formation of positive (negative) potential double layer, and
consequently, formation of positive (negative) potential supersoliton is confirmed. On the
other hand, if the existence region or a portion of existence region of the total population
of PPSWs (NPSWs) is separated by the curve M = MPPDL (M = MNPDL) or a portion
of the curve M = MPPDL (M = MNPDL), then for this particular portion of the curve
M = MPPDL (M = MNPDL), we have a positive (negative) potential solitary wave after the
formation of positive (negative) potential double layer and as a result, we have a jump type
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discontinuity between the amplitudes of two types of solitary waves just before and just after
the formation of double layer and consequently, formation of supersoliton is confirmed. In
the present problem, we have found positive potential bounded supersolitons. The present
dusty plasma system does not support any negative potential supersoliton. Not only µ and
p but also the parameter σpe plays an important role for the formation of bounded positive
potential supersolitons. Other than the formation of bounded positive potential supersoli-
tons, we have found many interesting results regarding the existence of solitary structures
from the qualitatively different compositional parameter spaces or solution spaces showing
the nature of existence of different solitary structures with respect to any parameter of the
system. One of the interesting observation is that the NPDLs occur in a deleted right neigh-
bourhood of p = 0 (see the solution spaces given in the figure 17 and figure 18) whereas
PPDLs exist in a deleted right neighbourhood of µ = 0 (see the solution spaces given in the
figure 3, figure 4, figure 7 and figure 10). These observations are very much consistent with
the physical property for the formation of double layer which states that for the formation
of NPDL (PPDL) solution at a point in the compositional parameter space the negative
(positive) potential (absolute value) must dominate the positive (negative) potential in a
neighborhood of that point of the compositional parameter space and the potential differ-
ence must be maximum there. Another interesting observation is that for small value of
positron concentration there is no qualitative change in solitary structures of DIA waves if
very hot positrons are injected in the system. This fact is also consistent with the Energy
Integral (22). Now, we want to summarize the main observations from the qualitatively
different compositional parameter spaces with respect to µ for different values of p and σpe
and also with respect to p for different values of µ.
1. When there is no positron in the system, the system supports NPSW solution whenever
M > Mc, i.e., the existence region of NPSWs is unbounded above whereas the existence
region of PPSWs is bounded by the curves M =Mc and M = Mmax.
2. Whenever a small amount of positron is injected in the system, the system supports
NPDL solution along the curve M = MNPDL and consequently, the existence region
of NPSWs has become bounded by the curves M = Mc and M = MNPDL. The
existence region of NPSWs decreases for increasing values of positron concentration
and finally, there exists a critical value of p for which the system does not support
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any negative potential solitary structures (NPSWs and NPDLs). This fact can be
efficiently described by the figure 5. The figure 5 is the solution space with respect
to µ for different values of p showing the existence regions of NPSWs bounded by
the curves M = Mc and M = MNPDL. If the negative potential solitary structures
leave the system for a particular value of p then it will never come back for further
increment in positron concentration.
3. When there is no positron in the system, the system does not support any PPDL
solution. If we increase p from p = 0, then the system will support the PPDL solution
whenever p exceeds a cut off value p1 (say). Then the existence region of PPSWs
bounded by the curves M = Mc and M = MPPDL will increase for increasing values
of p but here also there exists a cut off value p2 (say) such that the existence region
of PPSWs bounded by the curves M = Mc and M = MPPDL increases for increasing
p for p1 < p ≤ p2 whereas the existence region of PPSWs bounded by the curves
M = Mc and M = MPPDL will decreases for increasing p for p2 ≤ p < p3 and at
p = p3, the PPDL solution disappears from the system. This fact can be efficiently
described by the figure 6. The figure 6 is the solution spaces with respect to µ for
different values of p showing the existence regions of PPSWs bounded by the curves
M = Mc and M = MPPDL. If the positive potential double layer leaves the system
for a particular value of p then it never comes back for further increment in positron
concentration. But there always exist positive potential solitary waves bounded by
the curves M =Mc and M =Mmax. So, although the PPDL solution disappears from
the system for p = p3, there always exist PPSWs bounded by the curves M = Mc and
M =Mmax. In fact, for p ≥ p3, the system supports only PPSWs for any value of µ.
4. From the previous discussions we have seen that if p exceeds the cut off value p1
but the value of p is restricted by the inequality p < p3 then we have two types of
PPSWs: Type - I : PPSWs bounded by the curves M = Mc and M = MPPDL which
is same as First type PPSWs as defined earlier and Type - II : PPSWs bounded
by the curves M = Mc and M = Mmax which is not same as Second type PPSWs
(see the solution space as given in figure 3, figure 4, figure 7, figure 10). Now if
these two types of PPSWs are separated by a PPDL, i.e., if the existence region or
a portion of existence region of the total population of PPSWs (i.e., union of Type
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- I and Type - II PPSWs) is separated by the curve M = MPPDL or the portion of
the curve M = MPPDL, then for this particular portion of the curve M = MPPDL,
we have a positive potential solitary wave after the formation of double layer (see the
region marked as ‘S’ of the solution space as given in figure 7). Now according to
the property mentioned by Das et al. [70], we have a jump type discontinuity between
the amplitudes of two types of solitary waves just before and just after the formation
of double layer and consequently, formation of supersoliton is confirmed (see figure
8(d)). Now, the upper bound of PPSWs is either Mmax or MPPDL. Obviously, in the
existence region of positive potential supersolitons, we haveMPPDL < Mmax as positive
potential supersoliton starts to exist just after PPDL. Therefore, for the bounded
positive potential supersolitons, the following inequality holds good: MPPDL < M ≤
Mmax, whereM is the Mach number corresponding to a positive potential supersoliton,
i.e., a PPSW just after the formation of positive potential double layer. Figure 9
shows that the existence region of the second type of PPSWs (i.e., positive potential
supersolitons) decreases for increasing values of p and finally disappears from the
system if p exceeds a certain cut off value.
5. For fixed σpe, region of existence of PPSWs bounded by the curves M = Mc and
M =Mmax increases with increasing values of p.
6. For fixed σpe, region of existence of PPSWs bounded by the curves M = Mc and
M = MPPDL increases for increasing p for p1 < p ≤ p2 whereas it decreases for
increasing p for p2 ≤ p < p3.
7. For fixed σpe, region of existence of NPSWs bounded by the curves M = Mc and
M =MNPDL decreases with increasing values of p.
8. For fixed σpe, region of existence of supersolitons increases with decreasing values of p
up to a certain critical value of p and then it decreases and finally it disappears from
the system.
9. For fixed p, region of existence of PPSWs bounded by the curves M = Mc and M =
Mmax decreases with increasing values of σpe.
10. For fixed p, region of existence of PPSWs bounded by the curves M = Mc and M =
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MPPDL decreases with increasing values of σpe.
11. For fixed p, region of existence of NPSWs bounded by the curves M = Mc and
M =MNPDL increases with increasing values of σpe.
12. For fixed p, region of existence of positive potential supersolitons increases with in-
creasing values of σpe up to a certain critical value of σpe and then it decreases and
finally it disappears from the system.
13. From the solution space with respect to µ, we have seen that for a particular µ, it is
not possible to get coexistence of NPSWs or NPDL and positive potential supersoliton
whereas from the solution space with respect to p, we have seen that for a particular
p, it is not possible to get coexistence of NPSWs or NPDL and positive potential
supersoliton.
14. From figure 17, it is clear that for a particular value of p, occurrence of NPDL does
not imply the occurrence of positive potential supersoliton and conversely, occurrence
of positive potential supersoliton does not imply the occurrence of NPDL, i.e., in
any case, simultaneous occurrence of NPDL and positive potential supersolton is not
possible. In fact, we have seen earlier that positive potential supersoliton comes into
the picture after the disappearance of NPDLs for the increasing ( decreasing ) values
of p (σpe) whereas NPDL comes into the picture after the disappearance of positive
potential supersolitons for the increasing (decreasing) values of σpe (p).
15. NPDL exists for small values of µ whereas PPDL exists for small values of p.
16. For small value of p and for very large value of σpe (σpe = 100, say), we have exactly
same (qualitatively similar) type of solution space as given in figure 1, i.e., the solution
space for p=0. This fact is consistent with the Energy integral (22).
To conclude, we want to mention that the investigations made in the present paper
through the qualitatively different compositional parameter spaces or solution spaces are
helpful for the understanding of different nonlinear electrostatic structures of the present
plasma system for the physical parameters of our interest. Our investigations are useful
in understanding the properties of nonlinear dynamics of ion acoustic perturbations that
may appear in astrophysical plasmas, such as those in the early universe and active galactic
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nuclei. In the present paper, we have not investigated the nonlinear behaviour of DIA waves
when U = cD ⇔ W ′′(0) = 0 ⇔ V ′′(0) = 0 ⇔ M = Mc, i.e., when the velocity of the wave
frame is equal to the linearized velocity of the DIA wave for long wave length plane wave
perturbation. The study of the dust ion acoustic solitary structures at the acoustic speed
(cD) in such plasmas is under consideration and the results shall be reported elsewhere.
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